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We study axial quasinormal modes of static neutron stars in the nonminimal derivative coupling
sector of Horndeski theory. We focus on the fundamental curvature mode, which we analyze for 10
different equations of state with different matter content. A comparison with the results obtained
in pure general relativity reveals that, apart from modifying the spectrum of the frequencies and
the damping times of the stars, this theory modifies several universal relations between the modes
and physical parameters of the stars that are otherwise matter independent.
I. INTRODUCTION
With the direct detections of gravitational waves (GW)
by the LIGO-VIRGO Collaboration [1–5], a new era in
astronomy has begun, no longer constrained by the elec-
tromagnetic channel of observation. These detections al-
low us to observe phenomena in the strong-field gravity
regime. The first four events detected fit very accurately
with pairs of astrophysical black hole mergers [1–4]. The
fifth detection GW170817, however, presents the charac-
teristics of a pair of neutron stars colliding and merging
[5], and the event was also observed as a γ-ray burst
(GRB 170817A). In this case, the nature of the remnant
object is unknown, and it could be a black hole, an unsta-
ble massive neutron star (that eventually collapses into a
black hole), or a stable neutron star [6, 7]. The remnant
is expected to radiate GW after the merger during the
ringdown phase with some specific frequencies and damp-
ing times. Although with current detectors the ringdown
phase of the last GWs could not be very well resolved,
future enhancements in the sensitivity of the experiments
will likely allow for the observation of the ringdown fre-
quencies and damping times of similar events.
Hence, it is important to have a good theoretical un-
derstanding of the ringdown phase of these objects, so
that in the future a detection can be compared with the-
oretical predictions. The spectrum of the ringdown phase
of neutron stars can be studied by using a quasinormal
mode (QNM) decomposition [8–10]. Because of the pres-
ence of matter, the QNM spectrum of a neutron star is
different and richer than the one of a black hole, despite
the absence of a horizon. The particular frequencies and
damping times of the ringdown depend on the matter
composition of the star, which is unknown in the inner
regions of the star and parametrized by an equation of
state (EOS) [11–13].
Nevertheless, there exist a number of universal rela-
tions between the QNM spectrum and physical quan-
tities of the star that are matter independent [14–17].
∗ jose.blazquez.salcedo@uni-oldenburg.de
† kevin.eickhoff@uni-oldenburg.de
These are similar in spirit to the ”I-love-Q” universal re-
lations, that exist between several rotational parameters
of the star [18]. These universal relations hold approx-
imately for most realistic matter models in general rel-
ativity (GR). However, if alternative theories of gravity
are considered [19, 20], such relations could in princi-
ple present deviations from GR, deviations that could be
used together with observations to constrain the alterna-
tive theories [21–23].
In this paper we consider the case of a particular type
of scalar-tensor theory. The most general scalar-tensor
theory with only second order derivatives in the field
equations is the Horndeski theory [24], which avoids the
appearance of ghosts and maintains global hyperbolic-
ity. The theory has been rediscovered recently as covari-
ant Galileon gravity in four dimensions [25, 26]. Neu-
tron stars in Horndeski and beyond Horndeski have been
studied in [27, 28]. A subclass of these theories known
as ”Fab-Four” [29] (consisting of the sum of four actions)
possess solutions describing compact objects that could
have some astrophysical interest.
The combination of the ”John” and ”George” terms is
known as the nonminimal derivative coupling sector of
Horndeski theory. Therefore the action is
S=
∫
d4x
√−g
[
κ(R− 2Λ) (1)
−1
2
(αgµν − ηGµν)∇µφ∇νφ
]
+ Sm,
where g is the metric and φ is the scalar field, with R the
Ricci scalar and Gµν the Einstein tensor. The constants
α and η are in principle free, and κ = c
4
16πG . Sm is the
action describing ordinary matter.
Let us note here that several black hole solutions and
their properties have been studied in this theory [30–45].
Although a post-Newtonian analysis has shown that
the theory is heavily constrained by Solar System tests
[46], asymptotically flat neutron stars have been obtained
for the action (1) in the Λ = α = 0 case [47, 48]. Interest-
ingly, outside the star the metric is essentially described
by the GR vacuum solution, which means that these so-
lutions could be astrophysically relevant. Nonetheless,
2the scalar field couples to the matter content of the star.
The configuration possesses a nontrivial scalar field in its
interior that modifies the matter distribution and affects
the global quantities of the configuration. Such models
of neutron stars have been studied first in the static and
spherically symmetric case in [47], and later in the slow
rotation limit in [48].
The purpose of this paper is to calculate the spectrum
of axial quasinormal modes of static and spherically sym-
metric neutron stars obtained in [47]. In section II we
briefly review the field equations, Ansatz and results for
the static and spherically symmetric neutron stars with
the new equations of state we consider. In section III
we present the differential equations and boundary con-
ditions describing the axial perturbations. In section IV
we present the spectrum of quasinormal modes and we
compare with the results from GR by calculating devi-
ations in several matter-independent universal relations
between scaled parameters.
II. NEUTRON STARS
From variations of the action (1) with Λ = α = 0, we
obtain the following set of field equations
Gµν −Hµν = 1
2κ
Tµν , ∇µJµ = 0, (2)
where the tensor Hµν is
Hµν =
η
2κ
{
1
2
∇µφ∇νφR − 2∇λφ∇(µφRλν)
− ∇λφ∇ρφRµλνρ − (∇µ∇λφ)(∇ν∇λφ)
+
1
2
gµν(∇λ∇ρφ)(∇λ∇ρφ) − 1
2
gµν(φ)
2 (3)
+ (∇µ∇νφ)(φ) + 1
2
Gµν(∇φ)2 + gµν∇λφ∇ρφRλρ
}
and the scalar current Jµ is
Jµ = −ηGµν∇νφ. (4)
The energy-momentum tensor Tµν parametrizes the
matter inside the star, which we will suppose to be a
perfect fluid with energy density ρ, pressure P , and four-
velocity u:
Tµν = (ρ+ P )uµuν + Pgµν . (5)
To construct spherically symmetric neutron stars, we fol-
low [47] and use a metric Ansatz of the form
ds2 = −b(r)dt2 + 1
f(r)
dr2 + r2 sin2(θ)dϕ2 + r2dθ2, (6)
where the functions b(r) and f(r) are in principle arbi-
trary, to be determined by the field equations and bound-
ary conditions. A compatible Ansatz for the scalar field
takes the form [40]
φ(r, t) = Qt+ F (r), (7)
with F (r) as an arbitrary function of the radial coordi-
nate. Note that in principle one can allow for a scalar
field with some linear time dependence controlled by the
”clock” parameter Q. This is compatible with the met-
ric (6), since the field equations only depend on ∇φ, and
only the Q parameter enters the field equations. We will
keep this parameter free in the calculations of the neu-
tron star models, but in our calculation of the QNMs we
will focus on static solutions, setting Q = 0.
In vacuum we have Tµν = 0, which implies that
Hµν = 0. Hence a possible solution outside of the star
is simply given by the Schwarzschild metric with a non-
trivial scalar field determined by the conservation of the
scalar current from equation (2). These solutions form a
family of asymptotically flat black hole solutions called
”stealth” configurations and are studied in detail in [40].
These solutions describe also the exterior of the neu-
tron stars. However inside the neutron stars Tµν 6= 0 and
Hµν 6= 0. This results in a modification of the Tolman-
Oppenheimer-Volkoff (TOV) equations:
P ′ = −(ρ+ P ) b
′
2b
, b′ =
b(1− f)
fr
, (8)
f ′ = −3Q
2ηf(1− f) + b(6Pfr2 + ρr2(1 + f)− 4κ(1− f))
rb(Pr2 + 4κ)− 3Q2ηfr .
In addition we have the conservation of the scalar current
(2), which gives us the equation for the scalar field radial
function F (r)
ηfb(F ′)2 = Pbr2 +Q2η(1− f). (9)
These modified TOV equations cannot be smoothly con-
nected with the standard GR equations [47, 48], and the
neutron stars possess necessarily nontrivial scalar hair.
It is possible to obtain a perturbative solution at the
center r = 0 of the star, given by the following expres-
sions:
b = b0 − b20
3Pc + ρc
3(3Q2η − 4κb0)r
2 +O(r4),
f = 1 +
2b0(3Pc + ρc)
3(3Q2η − 4κb0)r
2 +O(r4),
P = Pc + b0
(Pc + ρc)(3Pc + ρc)
6(3Q2η − 4κb0) r
2 +O(r4),
(F ′)2 =
(
Pc
η
− 2(3Pc + ρc)Q
2
3(3Q2η − 4κb0)
)
r2 +O(r4), (10)
where Pc is the central pressure of the star and b0 > 0.
In Appendix A we show this perturbative solution up to
terms of sixth order. This expansion in principle depends
on four parameters: the theory parameter η, the central
pressure Pc, the central density ρc, and the clock param-
eter of the scalar field Q. However, the central density
and the central pressure will be related by the equation
of state, as we will discuss below. The parameter b0 can
be absorbed by the standard rescaling of the time and
radial coordinates. In addition the field equations only
depend on the product Q2η, so in practice we can restrict
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FIG. 1. Plot of (F ′)2 as a function of r/R∗ for the polytropic
EOS with Pc = 2.5 × 10
34 dyn
cm2
and different values of Q and
η.
to the cases with η = ±1 and positive Q. This implies
that the solution has three physically relevant parame-
ters: the central pressure (related to the total mass), Q
and the sign of η.
However the perturbative solution is not regular for
an arbitrary range of the physical parameters. For in-
stance, regularity implies that, when η > 0, a physical
solution only exists when ηQ2 < 4κ3 b0. Even more, if this
condition holds then the scalar field is real close to the
origin. In the η < 0 case the solutions are always regular.
However, the scalar field becomes imaginary close to the
origin if |η|Q2 > b0 12Pcκ(2ρc−3Pc) and it is no longer clear if
the solutions are physically relevant [47, 48].
The interior solution has to be matched with the exte-
rior solution at the border of the star, which is found at
P (r = R∗) = 0.
In addition to these regularity and junction conditions,
we have to supplement the system of equations with an
equation of state relating the energy density with the
pressure, ρ = ρ(p). We employ different models for the
matter. A first approximation can be obtained using a
relativistic polytrope:
ρ =
K
Γ + 1
nΓ + n, P = KnΓ, (11)
with n the baryon density, K = 1186 and Γ = 2.34.
This simple model has been used previously in different
settings [23, 49].
We also consider realistic EOS which we implement
using the piecewise polytropic interpolation presented in
[50]. We choose a group of EOS with different matter
content, providing a maximum mass of at least ∼ 2M⊙,
an observational constraint from pulsars PSR J1614-2230
[51] and PSR J0348+0432 [52]. Following the nomencla-
ture introduced in [50], we choose SLy, APR4, WFF1
and WFF2 with plain nuclear matter; GNH3 and H4 for
EOS containing hyperons; ALF2 and ALF4 for EOS con-
taining quark matter.
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FIG. 2. Mass-radius relation for the polytropic equation of
state. Open dots represent the points where a regular solution
ceases to exist for η > 0, and filled dots represent the points
where the scalar field becomes imaginary for η < 0 (see the
discussion in the text). The arrow points in the direction of
increasing pressure and an imaginary scalar field. The shaded
area corresponds to the region favored by experiments and
observations [55].
We solve the set of Ordinary differential equations (8)
and (9) numerically with a fourth order Runge-Kutta
method [53, 54], where we integrate the solution in the
interior of the star, and match it at the border of the star
at r = R∗ with the exterior solution. Typical profiles for
the (F ′)2 function are presented in Figure 1 as a function
of r/R∗, where we use the polytropic EOS with Pc =
2.5× 1034 dyncm2 and different values of Q and η. Note that
for this particular example with negative η and Q = 0.04,
(F ′)2 becomes negative in a region inside the star, hence
the scalar field becomes imaginary. For Q = 0 the scalar
field vanishes outside the star, but it does not vanish in
the interior, where it is real, and modifies the properties
of the configuration with respect to the GR case.
In Figure 2 we present the mass-radius diagram for the
polytropic equation of state. With a black solid curve we
mark the standard GR results, and with a dotted black
curve the Q = 0 results, which do not reduce to the
GR case, due to the existence of a nontrivial scalar field
hidden inside the configuration. The stars with Q =
0 are in fact always regular and the scalar field is real
everywhere inside the star.
The colored curves below Q = 0 correspond to the
stars with η > 0 and several values of Q. The curves
stop at some critical points, marked with an open circle
in the figure. Here the solutions stop being regular at the
center, as discussed before.
Above Q = 0 we find the colored curves corresponding
to η < 0. Here the solutions are always regular, but they
present an imaginary scalar field inside the star above
the black dots, as predicted from the perturbative solu-
tion (10). The arrow points in the direction of increasing
pressure. The shaded area corresponds to the region fa-
4vored by experiments and observations [55]. In Figure 9
of Appendix B we present similar figures for the mass-
radius relation from the other considered EOS.
In general the Q = 0 case presents slightly modified
mass-radius relations compared to GR, with a smaller
value of the maximum mass and smaller values of the
radius. The difference with respect to GR is, however,
not very big (the maximum mass is between 4% and 8%
less than in GR). Increasing Q with η > 0 reduces the
maximum mass even more. For large enough values of Q,
the curves are eventually too far below the 2M⊙ limit,
and the models are no longer physically relevant. Also
note that the configurations tend to have smaller radii
than in GR. With negative η the opposite happens, and
the maximum mass increases with Q while the radius
grows. However, the configurations possess imaginary
scalar fields inside the star and the physical interpreta-
tion and relevance of these solutions are not clear.
III. AXIAL PERTURBATIONS
Let us now focus on the static configurations (Q = 0).
As we have seen, outside the neutron star the scalar field
vanishes and the metric coincides with the Schwarzschild
solution. However, the scalar field is present inside the
star, and modifies the way the matter content curves the
space-time. Although the mass-radius relation differs
very little from GR, it is interesting to know whether
these scalarized stars possess similar resonant frequen-
cies during the ringdown phase. We therefore study axial
perturbations for these background solutions in order to
extract the quasinormal modes describing the ringdown
phase of the GWs and compare with the GR spectrum.
Following the standard procedure [8–10], we can al-
ways perturb the metric Ansatz (6) and scalar field (7)
with a nonradial perturbation conveniently decomposed
into tensorial spherical harmonics [56]. We hence focus
on axial perturbations that do not affect the scalar field,
pressure or density. If we treat the above solutions as
the background (g
(0)
µν , u
(0)
µ ), then we have to perturb the
metric and the four velocity:
gµν = g
(0)
µν + ǫh
(axial)
µν (12)
uµ = u
(0)
µ + ǫδu
(axial)
µ , (13)
where we introduce the bookkeeping perturbation param-
eter ǫ. In addition we perform a Laplace transformation
to get rid of the time dependence, introducing the eigen-
value ω that will be in general a complex number whose
real and imaginary parts determine the frequency (ν) and
the damping time (τ) respectively, ω = ν2π + i
1
τ
.
Hence an Ansatz for the axial perturbations in an ap-
propriate gauge can be written as
h(axial)µν =
∫
dω e−iωt
∑
l,m


0 0 −h0 1sin θ ∂∂ϕYlm h0 sin θ ∂∂θYlm
0 0 −h1 1sin θ ∂∂ϕYlm h1 sin θ ∂∂θYlm
−h0 1sin θ ∂∂ϕYlm −h1 1sin θ ∂∂ϕYlm 0 0
h0 sin θ
∂
∂θ
Ylm h1 sin θ
∂
∂θ
Ylm 0 0

 ,
δu(axial)µ =
∫
dωe−iωt
∑
ℓ,m
w2
sin2(θ)
[
0, 0,
∂
∂θ
Yℓm,− sin(θ) ∂
∂ϕ
Yℓm
]
. (14)
Introducing this Ansatz for the perturbations into the
field equations (2), and expanding up to first order in per-
turbation theory, we obtain the following set of relations:
dh0
dr
=
2
r
h0 +
i(2bn− ω2r2)
ωr2
h1,
dh1
dr
= − iω
bf
4κ− r2P
4κ+ r2P
h0 (15)
+
4κ(f − 1)− (4f + 1)Pr2 − fρr2
(r2P + 4κ)rf
h1,
w2 =
h0(P + ρ)
r2
,
where we have used the abbreviation 2n = (ℓ−2)(ℓ+1).
Note that this differs from GR inside the star, where we
have the same relations for w2 and
dh0
dr
, but
dh1
dr
= − iω
bf
h0 +
4κ(f − 1) + (ρ− P )r2
4κrf
h1. (16)
We see that there is no continuous limit to GR unless
ρ = P = 0.
Let us comment here that outside the star, since these
equations then coincide with the ones from GR, it is pos-
sible to rewrite them as a second order differential equa-
tion (the Regge-Wheeler equation [57]). However inside
the star the resulting second order equation is different
from GR. Its coefficients depend on the background con-
figuration in a complicated way, and its comparison with
the GR case is not enlightening. Hence for the calcula-
tion of the spectrum of QNMs we integrate the system
of first order equations (15), which possesses a simpler
dependence on the background solution.
Since we are interested in purely outgoing gravitational
5waves that are radiated from the object, we should re-
quire the solutions of equation (15) to behave asymptot-
ically far from the star (r →∞) as
h0 = e
−iωr⋆Hˆ0
(
r + Hˆ0 +
Hˆ1
r
+O(r−2)
)
, (17)
h1 = e
−iωr⋆Hˆ0
(
r + Hˆ2 +
Hˆ3
r
+O(r−2)
)
, (18)
where Hˆ0 is an arbitrary amplitude and
dr⋆
dr
= 1√
bf
. The
constants are determined by the perturbation equations
(15), and satisfy
Hˆ1 =
n
iω
, Hˆ2 =
M
2iω
− n(n+ 1)
2ω2
, Hˆ3 = 2M +
n+ 1
iω
,
Hˆ4 = 4M
2 +
2M
iω
(
n+
1
4
)
− n(n+ 1)
2ω2
, (19)
whereM is the mass of the Schwarzschild solution outside
the star.
Regularity of the perturbation at the center of the star
implies that the perturbation behaves as
h0 = H0r
ℓ
(
1 +
H1
2ℓ+ 1
r2 +O(r4)
)
, (20)
h1 =
−iω
b0(ℓ+ 1)
H0r
ℓ+1
(
1 +
H2
2ℓ+ 1
r2 +O(r4)
)
,
with the amplitude H0 being an arbitrary constant and
H1 =
ℓ− 2
8κ
[(ℓ − 4)Pc + ℓρc]− ω
2(ℓ + 3)
2b0(ℓ + 1)
, (21)
H2 =
−ω2
2b0
+
3(ℓ2 − 8ℓ− 2)Pc + (3ℓ2 − 4ℓ− 2)ρc
24κ
.
In order to obtain the QNMs, we use a shooting
method. Once a background solution is obtained using
the procedure described in the previous section, we di-
vide the solution into two different domains. The first
domain goes from the origin r = 0 to the border of the
star r = R∗. The second domain goes from the border of
the star up to a relatively large value of the radial coordi-
nate, r = Ri ≫ R∗, a parameter that we can adjust in or-
der to optimize the procedure. We solve the perturbation
equations (15) in the first domain imposing the regularity
condition (20) at r = 0. In the second domain we solve
the perturbation equations (15) imposing the outgoing
wave behavior (18) at r = Ri. The solution of the pertur-
bation equations is obtained using the package Colsys
[58] over a cubic Hermite spline-interpolated background
solution obtained from the Runge-Kutta method [53, 54],
with a mesh of 1000 points inside the star. The resonance
is obtained when the perturbations of both domains are
continuous across the border of the star [59, 60], which
only happens at discrete values of ω. In order to obtain
the modes we implement a search algorithm based on the
gradient descent [61, 62].
IV. SPECTRUM AND UNIVERSAL
RELATIONS
Following this procedure it is possible to generate the
spectrum of the Q = 0 neutron stars. We hence focus the
discussion on the ℓ = 2 fundamental curvature modes,
which are typically the ones expected to be strongly ex-
cited during the merger process.
In Figure 3 we show the frequency as a function of the
total mass of the star. In the upper panel we present the
frequencies for the Q = 0 scalarized stars, while the lower
panel presents the same results for GR. Each EOS is rep-
resented with a different color: SLy in yellow, WFF2 in
light green, GNH3 in dark blue, ENG in pink, APR4 in
dark green, the polytrope in red, H4 in brown, ALF2 in
orange, ALF4 in purple, and WFF1 in light blue. A com-
parison between the two theories reveals that the effect
of the scalar field on the frequency is not so important as
the effect of changing the equation of state, which resem-
bles what happens for the mass-radius relations. From
this figure it is not possible to extract a general behav-
ior, since the introduction of the scalar field can either
increase or decrease (slightly) the value of the frequency
compared to a GR configuration, depending on the par-
ticular EOS and value of the mass.
In Figure 4, we show the damping time as a function
of the total mass. Here the solid lines represent GR,
and the dashed lines the Q = 0 scalarized configurations.
We can see that for the low mass stars (around 1M⊙)
both theories predict almost the same damping times.
However, close to the maximum mass of each EOS, the
damping times predicted in each theory are very differ-
ent: the Q = 0 scalarized configurations possess much
shorter damping times than the GR stars. While the
ringdown phase in GR can exist for 60−100µs (depending
on the EOS), the Q = 0 configurations have a decay time
of ∼ 30µs, meaning the signal would be damped almost
2-3 times faster than in GR. Interestingly the damping
times of these configurations does not change much with
the mass or the EOS.
Hence a first result is that, although we do not observe
a significant deviation in the frequency part, the damp-
ing times of the most massive scalarized stars are much
shorter than the corresponding damping times in GR.
However, we can also observe that the indetermina-
tion in the matter model is large enough to obscure the
effect of changing the gravitational theory. To avoid this,
let us now study the standard matter independent phe-
nomenological relations that are known to approximately
hold for neutron stars in GR. Such relations have been
studied before in [14–17] in the context of GR, and in
dilatonic-Einstein-Gauss-Bonnet theory in [23].
Concerning the frequency a universal relation can be
found if one considers the scaled quantity νR∗ as a func-
tion of the compactness of the starM/R∗, which is shown
in Figure 5. The square points mark the GR modes, while
the open circles mark the modes ofQ = 0 scalarized stars.
Each color represents a different EOS, and we follow the
6 7
 8
 9
ν 
[kH
z]
Q=0
 7
 8
 9
 1  1.4  1.8  2.2
ν 
[kH
z]
Mass [M⊙] 
GR
SLy
APR4
ALF2
WFF2
Polytrope
ALF4
GNH3
H4
WFF1
ENG
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convention of Figure 3. The figure reveals that, although
in each theory the relation is quite independent of the
matter content, the universal relation is completely dif-
ferent in each theory. In the GR case the relation can be
approximately described by a quadratic function of the
compactness
 75
 85
 95
 0.16  0.2  0.24  0.28
νR
*
 
[kH
z k
m]
M/R
*
GR
Q=0
SLy 
APR4 
ALF2 
WFF2 
Polytrope 
ALF4 
GNH3 
H4 
WFF1 
ENG 
FIG. 5. The frequency scaled to the radius (νR∗) versus the
compactness of the star. Crosses represent the modes of GR
stars, and open circles represent the ones of Q = 0 scalarized
stars. The solid black line shows the phenomenological rela-
tion (22) for GR modes, while the dashed black curve shows
the relation (23) for Q = 0 scalarized stars.
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νGR(kHz) =
1
R∗(km)
[
(−589.20± 45.44)
(
M
R∗
)2
+(108.15± 21.34)
(
M
R∗
)
+ (94.21± 2.4)
]
, (22)
which is compatible with the results from [14–17]. We
mark this relation in Figure 5 with a solid black line. For
the Q = 0 scalarized stars, however, the relation is also
7quadratic but given by
ν(kHz) =
1
R∗(km)
[
(444.87± 18.26)
(
M
R∗
)2
+(−282.66± 8.54)
(
M
R∗
)
+ (120.00± 0.97)
]
.(23)
We mark this relation in Figure 5 with a black dashed
line. The dashed curve is well below the solid curve in the
low compactness region, while both curves tend to get
closer for higher compactness, eventually crossing each
other around M/R∗ = 0.29.
Concerning the damping time, a nice phenomenologi-
cal relation quite independent of the matter model can be
found for 10
3M
τ
as a function of the compactness M/R∗.
In Figure 6 we show the damping times scaled in this
way. Again the square points mark the GR modes and
the open circles the modes of the Q = 0 case. Here we can
clearly see a huge difference in the universal relations be-
tween the two theories. In GR the scaled frequency tends
to decrease, when the compactness is increased, while
for the Q = 0 scalarized stars the behavior is the oppo-
site, and the frequency increases with the compactness.
Highly compact stars (M/R∗ ∼ 0.3) with a nontrivial
scalar field inside present a huge deviation in this scaled
quantity with respect to the GR case.
Again, the phenomenological relation in the GR case
can be approximately described by a quadratic function
of the compactness
103
τGR(µs)
=
1
M(M⊙)
[
(−1155.7± 57.54)
(
M
R∗
)2
+(371.97± 27.02)
(
M
R∗
)
+ (15.67± 3.10)
]
, (24)
which is again compatible with [14–17]. In Figure 6 this
is shown as a solid black line. The Q = 0 scalarized stars
approximately satisfy
103
τ(µs)
=
1
M(M⊙)
[
(−391.62± 45.04)
(
M
R∗
)2
+(319.48± 21.06)
(
M
R∗
)
+ (7.71± 2.39)
]
, (25)
and are represented with a black dashed line.
An alternative phenomenological relation can be ob-
tained by scaling the eigenvalue ω with the central pres-
sure of the star [16, 17, 23]. If we define the dimensionless
quantities ̟R =
ωℜ√
Pc
and ̟I =
ωℑ√
Pc
, then it is possible
to see that in GR, the modes follow a universal quadratic
relation of the form
̟IGR = (0.0148± 0.0008)̟2RGR
+(0.519± 0.020)̟RGR + (−1.90± 0.10) , (26)
which is compatible with [16, 17, 23] within the precision
of the numerical procedure. Interestingly, for the Q =
0 scalarized stars, a similar universal behavior can be
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FIG. 7. ̟I versus ̟R for the ℓ = 2 fundamental modes of
neutron stars with different equations of state. Crosses and
circles represent the modes of GR and Q = 0 stars, respec-
tively. The black solid line shows the universal relation (26)
for GR, and the black dashed line the universal relation (27)
for Q = 0 scalarized stars. The arrow marks the direction of
increasing central pressure and compactness.
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FIG. 8. Similar to Figure 7, but showing the dimensionless
quantities ωIM versus ωRM .
obtained, but this time the relation is best described by
a linear relation of the type
̟I = (0.900± 0.002)̟R + (−1.06± 0.02) . (27)
We present these scaled relations in Figure 7, where we
show ̟I as a function of ̟R. With a black solid line we
show the GR relation (26), and with a black dashed line
the relation (27).
Finally, we show a similar matter independent relation,
this time by scaling the frequency and the damping time
only with the total mass of the neutron star. In Figure
8 we show the analogous diagram to Figure 7, but now
8the dimensionless parameter ωIM as a function of ωRM .
This Figure also shows an important difference between
the spectrum of stars in GR and in the Q = 0 case, since
the scaled imaginary part of the frequency can be very
different between the theories, as we have already shown
in Figure 6.
V. CONCLUSIONS AND OUTLOOK
In this paper we have presented the axial quasinormal
modes of scalarized neutron stars in a restricted sector of
Horndeski gravity, known as the nonminimal derivative
coupling sector.
In section II we have briefly reviewed the solutions from
[47, 48], where the metric is static, but the scalar field
can in principle have a linear temporal dependence con-
trolled by the ”clock” parameter Q. These solutions are
described by the Schwarzschild metric outside the star.
In the special case that Q = 0, the scalar field is time
independent and vanishes outside the star. The resulting
neutron stars have a hidden scalar field in their interior,
which changes the way matter couples to gravity. In sec-
tion III we have studied the axial perturbations of the
Q = 0 configurations.
Although the mass-radius relations of the Q = 0 scalar-
ized stars are quite close to the ones of GR (differing
mostly by 8% at the maximum mass), the analysis of
the spectrum of quasinormal modes in section III, and
in particular, the fundamental ℓ = 2 mode, reveals some
important differences. The scalarized stars possess much
shorter damping times in their ringdown phase. When
compared with GR, the damping can be 2 or 3 times
faster, depending on the EOS. Moreover, we have calcu-
lated several universal relations in terms of global param-
eters of the stars, and we have found that the relations
remain matter independent, but they can deviate drasti-
cally from the GR case, in particular when a scaling with
global quantities like the total mass and radius is used.
A similar analysis of the polar perturbations remains
to be done. In this case, one should include the per-
turbations of the density and pressure, but also of the
scalar field, inside and outside of the star. The existence
of a non-trivial scalar field will produce a new family
of scalar-led modes [63–65], in addition to the standard
space-time and fluid modes, resulting in a richer spec-
trum when compared with GR. In addition, it would be
interesting to generalize this analysis to the case of neu-
tron stars with a time dependent scalar field (Q 6= 0),
at least in the region of parameter space, where these
solutions could have some astrophysical relevance.
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Appendix A: Perturbative expansion around the
center of the star
In this section we present the perturbative solution de-
scribing a spherically symmetric neutron star close to the
center (r = 0). Up to sixth order, the Ansatz functions
of equation (6) and (7) possess the following expansions:
f(r) ≈ 1 + fˆ2r2 + fˆ4r4 + O(r6), (A1)
b(r) ≈ b0 + bˆ2r2 + bˆ4r4 +O(r6),
P (r) ≈ Pc + Pˆ2r2 + Pˆ4r4 +O(r6),
ρ(r) ≈ ρc + ρˆ2r2 + ρˆ4r4 +O(r6),
F (r) ≈ Fc + Fˆ2r2 + Fˆ4r4 +O(r6).
The coefficients are determined by the modified TOV
equations (8) and the scalar field equation (9). They
are:
fˆ2 =
2
3
b0
3Pc + ρc
ζ
, (A2)
bˆ2 = −1
2
b0fˆ2,
Pˆ2 =
1
4
(Pc + ρc)ˆf2,
Fˆ2 =
√
1
4b0η
(b0Pc − fˆ2Q2η)
fˆ4 =
2
5
b0ρˆ2
ζ
+
2
5
b20Pc
ζ2
(3Pc + ρc)−
b0fˆ2
10ζ2
[
(51Pc + 3ρc)Q
2η + (4Pc + 20ρc)b0κ
]
,
bˆ4 =
1
4
b0(ˆf
2
2 − fˆ4)−
1
4
bˆ2fˆ2,
Pˆ4 =
1
8
fˆ4(Pc + ρc) +
1
8
fˆ2ρˆ2 − 3
32
fˆ22(Pc + ρc),
Fˆ4 =
1
16Fˆ2ηb0
[
(
fˆ22
2
− fˆ4)Q2η − 1
4
(3Pc − ρc)ˆf2b0
]
,
with ζ = 3Q2η − 4b0κ.
Appendix B: Mass-radius relations for realistic
equations of state
In Figure 9 we present the mass radius relations for the
nine considered realistic EOS in this paper: SLy, APR4,
WFF1, WFF2, GNH3, H4, ALF2 and ALF4, each one
of them in a different panel. Each panel is similar to
Figure 2 for the polytropic EOS. The black solid lines
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FIG. 9. Mass-radius relation for the nine considered realistic EOS, and different values of Q and the sign of η.
are the GR results. The dotted black curves are the Q =
0 configurations. The colored curves below the Q = 0
dotted black curve correspond to the stars with η > 0,
while the colored curves above the Q = 0 dotted black
curve correspond to η < 0. The open circles represent
the end of the presence of regular solutions, while all
solutions above the solid black dots possess an imaginary
scalar field.
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